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Let C, denote the cycle of length n, n 2 3. A C,,-factor of a graph G is a spanning subgraph 
of G in which every component is isomorphic to C,,. A graph G is C,,-factorable if it is the 
union of edge-disjoint C,-factors. A spanning subgraph of G is a {C,, C,, , C,}-factor of G 
if each of its components is isomorphic to one of the cycles C,, C,, , C,. G is a 
{C,, C,, . , C,}-factorable if it is the union of edge-disjoint {C,, C,, , C,,}-factors. In 
this paper we present a sufficient condition for a group graph to have a C,-factor and a 
sufficient condition for a group graph to be C,-factorable. We also investigate 
{C,, C,, , C,}-factorability in such graphs. 
1. Introduction 
A spanning subgraph F of a graph G is an {A, B, . . . , P}-factor of G if each 
component of F is isomorphic to one of the graphs A, B, . . . , P. In particular, if 
there exists a subgraph H of G such that every component of F is isomorphic to 
H, then F is said to be an H-factor of G. G is {A, B, . . . , P}-factorable if it is the 
union of edge-disjoint {A, B, . . . , K}-factors and the {A, B, . . . , P}-factors are 
said to comprise an {A, B, . . . , P}-factorization of G. G is H-factorable if it is 
the union of edge-disjoint H-factors and the H-factors are said to comprise an 
H-factorization of G. One of the np-problems mentioned by Akiyama and Kano 
in [l] is that of determining whether a given graph has a C,-factor, where C,, 
denotes the cycle of length n, n 2 3. We study this problem for the special case 
where G is a group graph. In this paper, we present a sufficient condition for a 
group graph to have a C,-factor and a sufficient condition for a group graph to be 
C,-factorable. We also investigate {C,, C,, , . , C,}-factorability in such graphs. 
A graph (G, RA) with vertex set G and edge set RA is a group graph if G is a 
group, A is a subset of G, and for a, b E G, (a, 6) E R, if and only if a-lb E A. 
Since we wish to confine ourselves to finite, simple, connected and undirected 
group graphs in this paper, we require that G is finite, e .$ A where e is the 
identity of G, (A) = G where (A) denotes the set of all finite products of 
elements of A, and a E A j a-l E A, respectively. A discussion of the equivalence 
of these conditions to the given properties can be found in the textbook [2] by 
Teh and Shee. 
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2. C,-Factors 
Theorem 2.1. If there exists s E A such that o(s) = n 2 3, where o(s) denotes the 
order of s in G, then (G, RA) has a C,-factor. 
Proof. Let s E A with o(s) = n and let H, denote the subgroup of G generated 
by s. 
H, = {e, s, s’, . . . , f-l}, 
where e is the identity of G. Let 
G = aoHs U alHs U a,H, U - - . U a,H, 
be the coset decomposition of G by H,, where a, = e and k 2 0. The cosets in the 
decomposition are disjoint and each vertex of (G, RA) belongs to exactly one 
coset. 
To prove the theorem, it is sufficient to show that for any i, Oci s k, there 
exists a cycle of length n which spans the vertices of (G, RA) belonging to aiHS; 
and furthermore, that if i fj, then the cycle spanning the vertices in aiH, is 
disjoint from the cycle spanning the vertices in ajH,. 
Consider the subgraph of (G, R,) with vertex set 
aiH, = {aj, ais, ais’, . . . , U$-i}, 
0 s i s k, and edge set 
{(ai, up), (up, a$‘), . . . , (a,F-l, aJ}. 
Clearly, this is a cycle of length n in (G, RA). If i Zj, aiHS fl ajHS = 0, hence the 
cycles 
and 
(a,, up, a$, . . . , UiSn--l, aJ 
(Uj, UjS, UjS’, . . . , UjSnml, a,) 
are disjoint. Thus the collection of cycles of length n obtained from aiHS, 
0 6 i <k, comprises a C,-factor of (G, RA). q 
This theorem implies that (G, RA) has a C,-factor for any n, n 2 3, which is the 
order of some element of A. Note that an element of order two in A generates a 
P,-factor of (G, R,), where P2 is the path with two vertices. In the literature, a 
P,-factor is also known as a l-factor, i.e. a factor in which all vertices have degree 
one. 
Example 2.1. The dihedral group D,, = (a, b: an = e, b* = e, (ab)* = e) can 
always be used to produce a group graph with a C,-factor, for any n > 3. In fact 
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Fig. 1. 
the group graph generated by D,, is {P,, C,}-factorable. With n = 6 and 
A = {a, b, a’}, we obtain the group graph (&, RA) shown in Fig. 1. 
3. {C,, C,, * ’ a, C, } -Factorability 
Theorem 3.1. If a, b, . . . , p are the distinct orders of the elements of A and 
a, b, . . . , p 2 3, then (G, RA) is {C,, C,,, . . . , C, >-factorable. 
We first introduce some notation and prove lemmas which will simplify the 
proof of this theorem. If s E A with o(s) = 12 33, let C,,, denote the C,,-factor of 
(G, R,) generated by s. Let s-l denote the inverse of s in G. 
Lemma 3.1. H, = H,-I and C,,, = +I,. 
Proof. Since SK’ =snP1 and -i =n -i (mod n), we have H, = H,-I and 
(ai, ais, ais2, . . . , aisnvl, ai) = (ai, a,s-‘, . . . , aisecn-‘), ai) for any ai E G. Hence 
the lemma follows. q 
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Lemma 3.2. Zf C,,, and C,,, are not edge-disjoint, then t = s or t = s -1 , in 




CL,, =,v” (bi, bjtj bjt*, . s . ) bjF1, bj). 
Suppose C,,, and CLtl are not edge-disjoint, 
O<ick, Ocj<l, OSqSn-1,06rrrn--1 
(aisq, aisq+l) = (b,t’, bjtrfl). 
This implies that either 
(a) aisq = bit’ and aisqil = bit’+’ 
e 
then there exist i, j, q, r with 
such that 
Fig. 2. 
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or 
(b) uis4 = bit’+’ and uisq+’ = bit’. 
From case (a), we have Uis e1 = b.t’)t = (aisq)t or s = t. From case (b), we obtain ( , 
ais = (b,t’)t = (a,sq+‘)t or e = st. Hence t = .T-~. 0 
We can now return to Theorem 3.1. 
Proof of Theorem 3.1. By Theorem 2.1, each s E A generates a C+,-factor of 
(G, R,). By assumption, the components of this factor are isomorphic to one of 
the cycles C,, C,,, . , . , C,. By Lemmas 3.1 and 3.2, either these factors are 
disjoint or they are equal. Hence, to prove that (G, RA) is {C,, C,,, . . . , C,,}- 
factorable, it remains to show that every edge of (G, RA) belongs to a C,(,,-factor 
of (G, RA) for some t E A. 
Let (x, y) ERR, then x-‘y EA which implies that x-‘y = t for some t EA. 
Hence y = xt and (x, y) = (x, xt). Since Cttl is a factor of (G, RA) and x E G, then 
(G, RA) 
Fig. 3. 
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x is a vertex of C,,,. ThusX=6jtrforsomejandr, O<j<I, Ocr<m-1 and 
xt = bit’+‘. Finally, (x, y) = (b,t’, bit’+‘) which is an edge of CItl. 0 
Example 3.1. In the group G = (s, t: s3 = e, s&-l= t2), o(s) = 3 and it can be 
shown that o(t) = 7. Using A = {s, t, s2, t6}, we obtain the {C,, C,}-factorable 
graph (G, R,) shown in Fig. 2. 
If some element of H has order two, then (G, RA) is {P2, C,, C,, . . . , C,}- 
factorable, where a, b, . . . , p are the distinct orders of the other elements of A. 
We obtain a sufficient condition for (G, RA) to be C,-factorable as a corollary 
to Theorem 3.1. 
Corohwy 3.1. If for every s E A, o(s) = n Z= 3, then (G, R,) is C,,-factorable. 
Since we consider only connected group graphs, this corollary actually requires 
that every generator of the group G be of order n. Note that if every generator of 
A is of order two, then (G, RA) is &factorable, or equivalently, is l-factorable. 
Example 3.2. The group G = (a, b: a4 = b4 = e, ab = ba) with A = {a, 6, u3, b’} 
generates the C,-factorable group graph shown in Fig. 3. 
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